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Moving on to A-level Mathematics from GCSE can be challenging. To support this
transition it is essential that time is spent practising the key techniques and methods that
will enable you to be successful at this higher level.

This booklet contains ten sections, which should be completed prior to starting the Sixth
Form. During the first week of term there will be a test to assess your understanding and
application of this content.
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Solving linear simultaneous equations
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Solving quadratic equations
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Solving linear and quadratic simultaneous equations
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Solving linear and quadratic simultaneous equations
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Linear inequalities
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Quadratic inequalities
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Surds and rationalising the denominator

A LEVEL LINKS
Scheme of work: 1a. Algebraic expressions — basic algebraic manipulation, indices and surds

Key points

A surd is the square root of a number that is not a square number,

for example JE, \/5_’, \/g, etc.

Surds can be used to give the exact value for an answer.

Jab=axb
\/Ezﬁ
b\

To rationalise the denominator means to remove the surd from the denominator of a fraction.

a

Jb
b+\/E

To rationalise

To rationalise

Examples

Example 1 Simplify \/%

you multiply the numerator and denominator by the surd \/E

you multiply the numerator and denominator by b—\/z

J50 =/25% 2

=25x2
=5x«/§
=52

Choose two numbers that are
factors of 50. One of the factors
must be a square number

Use the rule @:ﬁx\/g
Use @:5

Example 2 Simplify <147 — 2\/25

J147 - 2\h2
=/49x3 - 2/4x3

5 3~ 2Ax3
=7x\/§—2x2x\/§
=7\3-43

=33

Simplify \/147 and 212 . Choose

two numbers that are factors of 147
and two numbers that are factors of
12. One of each pair of factors must
be a square number

Use the rule J%:JEXJB
Use JE:? and \/Z=2

Collect like terms
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Example 3

Example 4

Example 5

Simplify (\/7+\/§)(\/7—\/§)

(VT +42)(N7-2)

- JBJTZ 2T

1 Expand the brackets. Acommon

mistake here is to write (\/7)2 =49

2 Collect like terms:

=7-2
-5 NN
=72 +7\2=0
Rationalise i
NG
i = ixﬁ 1 Multiply the numerator and
\/§ \/§ J§ denominator by \/§
1><\/§
= 2 —
\/5 Use \/5 3
_B
3

Rationalise and simplify %

2 _ 2 2
NERIN N

NE

12

1 Multiply the numerator and
denominator by 12

2 Simplify \/1_2 in the numerator.
Choose two numbers that are
factors of 12. One of the factors
must be a square number

Use the rule @:JEXJB

4 Use «/Z=2

5 Simplify the fraction:

2 1
— simplifies to —
1 6
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3
Example 6 Rationalise and simplify
2+\/§
3 - 3 y 2—\/g 1 Multiply the numerator and
245 2+5 2-B denominator by 2—\/5
3(2-5)
(2+\/§)(2—\/§) 2 Expand the brackets
. 6-35
4+ 2\/5— 2\/5—5 3 Simplify the fraction
_6-35
-1
4 Divide the numerator by -1
_ _ Remember to change the sign of all
- 3\/6 6 terms when dividing by -1

Practice
1 Simplify.
Hint
a /45 b 125
. \/E p \/ﬁ One of the two
numbers you
e /300 f V28 choose at the start
g 72 h 162 must be a square
niimher.
2 Simplify.
1
N T b 4525 Watch out!
¢ 50-8 d [75 /48 Check you have
chosen the
e 2y28++28 f2vi2=Vi2+v27 highest square
number at the

3 Expand and simplify.

a  (V2+\3)(\2-3) b (3+V3)(5-12)
¢ (4-5)(/45+2) d  (5+V2)(6-8)
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4  Rationalise and simplify, if possible.

a 1 b 1
N3 VT
2 2

c ﬁ d ﬁ

e 2 f S
Nz N3

. B .
24 45

5 Rationalise and simplify.

. b 2

3—\/5 4+\/§

Extend

6 Expand and simplify (\/§+\/§)(\/§—\/§)

7 Rationalise and simplify, if possible.

1 1

a b

NN : V-\y
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Answers
1 a 35 b 55
¢ 43 d 57
e 103 TN
g 6\/2 h 9\/5
2 a 152 b 5
c 32 d 3
e 67 f 53
3 a -1 b 9-3
¢ 10J/5-7 d 26-42
v 0 , i
5 11
c & d Q
7 2
e «/5 f Jg
3 3
A 3+4/5 b 2(4—3) . 6(5+/2)
4 13 23
6 x-y
X+
7 a 3+242 b M

X—y
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Rules of indices

A LEVEL LINKS
Scheme of work: 1a. Algebraic expressions — basic algebraic manipulation, indices and surds

Key points

° a Xan:am+n

m
al _ g
a"

=a

[ ]
—

am)n =gmn
0_ 1

]
Q

1
e A" =Q/g i.e. the nth root of a

m m
e an=4ya" :(Q/E)
m
AT
e The square root of a number produces two solutions, e.g. J16 =+4.

Examples

Example 1 Evaluate 10°

10°=1 Any value raised to the power of zero is
equalto1

1
Example2  Evaluate 92

1 1
92 :\/5 Use the rule an :Q/g
2
Example 3 Evaluate 273
2 2 m m
273=(327) 1 Usetherule a" :(Q/g)
- 32 2 Use 327 =3
=9
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Example4  Evaluate 472
2 1 —m
4 :F 1 Usetherule a™ =—
a
1
- = 2 Use 4°=16
16
. 6X
Example 5 Simplify —
2X
6X5 m
— =3¢ 6+2=3andusetherule —=a"" to
2X a
5
X _
give —2=X5 =3
X
3.\5
X X X
Example 6 Simplify X4
X
3.5 35 8
Xxx_ X _X 1 Usetherule a"xa"=a™"
x* ¥ X!
- a" m-n
=x8 4=yt 2 Usetherule —=a
a
L1 .
Example 7 Write — as a single power of x
1 1 _ 1 _
— =1 Use the rule — =a ™, note that the
3x 3 a"
1 .
fraction = remains unchanged
.4 .
Example 8 Write T as a single power of x
X
1

1 Use the rule a" =Q/§

2 Usetherule —=a™"
am
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Practice
1 Evaluate.
a 14° b
2  Evaluate.
1
a 492 b
3  Evaluate.
3
a 252 b
4  Evaluate.
a 52 b
5  Simplify.
2 3
a 3X ><2x b
2X
3
c 3X><§X d
2X
2
e n f
yixy
3
(2¢) )
8 4x°
6 Evaluate.
_t
a 4°? b
1
d 164x23 e
7

Write the following as a single power of x.

b

1
a f—
X

d U x? e

30

64°

4—3

10x°
2x% x X

27 3

&)

59 d

X
1 1
1253 d 164
3 3
492 d 164
2 d 672
Watch out!

Remember that
any value raised to
the power of zero
is 1. This is the
rule a® = 1.

9 2x2°

_2
&)
64

B

[EEN

w
N
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8  Write the following without negative or fractional powers.

a x° b x°
2 1

d x° e X 2

9  Write the following in the form ax”.

a 5\/; b 33

X

2 4

d = e —

Jx Ix
Extend

10 Write as sums of powers of x.
X +1
X

1
2
> b X (x+

c x>
3
f X 4
c L
3x*
f 3
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Answers

343

32

125

©
N
|
(8]
< ~
— x
© n
o )
o) 3X72
| (%)
© ©
< n

3x

o

' x Al T |m

- Ke] [J]
N 6X

> AN A<

v w [\ ] -]

™
— %

24X

X3 + X

X3 + X

10
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Expanding brackets
and simplifying expressions

A LEVEL LINKS
Scheme of work: 1a. Algebraic expressions — basic algebraic manipulation, indices and surds

Key points

e When you expand one set of brackets you must multiply everything inside the bracket by what
is outside.

e When you expand two linear expressions, each with two terms of the form ax + b, wherea #0
and b # 0, you create four terms. Two of these can usually be simplified by collecting like terms.

Examples

Example 1

Expand 4(3x - 2)

4(3x-2)=12x-8

Multiply everything inside the bracket
by the 4 outside the bracket

Example 2 Expand and simplify 3(x + 5) - 4(2x + 3)
3(x+5)-4(2x +3) 1 Expand each set of brackets
=3x+15-8x—12 separately by multiplying (x + 5) by
3and (2x+3) by -4
=3 -5x 2 Simplify by collecting like terms:
3x-8x=-5xand 15-12=3
Example 3 Expand and simplify (x + 3)(x + 2)
(x+3)(x+2) 1 Expand the brackets by multiplying
= x(x+2) +3(x +2) (x+2)byxand (x+2) by 3
=x2+2x+3x+6
=x+5x+6 2 Simplify by collecting like terms:
2x +3x =5x
Example 4 Expand and simplify (x - 5)(2x + 3)

Practice

(x-5)(2x + 3)
=x(2x +3) - 5(2x + 3)
=2x*+3x-10x - 15
=2x*-7x-15

1 Expand the brackets by multiplying
(2x + 3) by x and (2x + 3) by -5

2 Simplify by collecting like terms:
3x-10x=-7x




Expand.
a 3(2x-1)
c  —-(3xy-2y?)

Expand and simplify.
a 7(3x+5)+6(2x—-28)
¢ 9(3s+1)-5(6s-10)

Expand.
a 3x(4x+38)
¢ —2h(6h*+11h-5)

Expand and simplify.
a  3(y’-8)-4(y’-5)

¢ 4p(2p—1)-3p(5p-2)

Expand % (2y—18)

Expand and simplify.
a 13-2(m+7)

The diagram shows a rectangle.

Q.

-2(5pq +4q9?)

8(5p—2)—-3(4p +9)
2(4x-3)—-(3x+5)

Watch out!

When multiplying (or
dividing) positive and
negative numbers, if
the signs are the same
the answer is ‘+’; if the
signs are different the

4k(5k*—12)
—35(4s2—7s+2)

2x(x +5) + 3x(x = 7)
3b(4b — 3) — b(6b —9)

5p(p® + 6p) —9p(2p - 3)

Write down an expression, in terms of x, for the area of

the rectangle.

Ix-5

Show that the area of the rectangle can be written as

21x*—-35x

Expand and simplify.
(x+4)(x+5)
(x+7)(x-2)

(2x + 3)(x—1)
(5x—3)(2x-15)
(3x + 4y)(5y + 6x)
(2x - 7)?

A~ — m o o 9

Extend

9

Expand and simplify (x + 3)2 + (x — 4)2

10 Expand and simplify.

- > =+ o

a

(x+7)(x+3)

(x +5)(x-5)
(3x—=2)(2x + 1)
(3x—2)(7 + 4x)
(x +5)?

(4x - 3y)?

) s

Tx
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Answers

1 a 6x—3
¢  3xy+2y?

2 a 21x+35+12x—-48 =33x—-13
b 40p-16-12p—27=28p—43
c
d 8x-6-3x—-5=5x-11

10

Q

275+9—-30s+50=-35s+59=59-3s

12x2% + 24x
10h — 12h3 — 22h?

_y2 — 4
2p — 7p?

y—4

a

-1-2m

7x(3x —5) = 21x* — 35x

a X*+9x+20
¢ x*+5x-14
e 2x*+x-3
g 10x*-31x+15
i 18x%+39xy + 20y?
k 4x*-28x+49
2x? - 2x+ 25
2
a X -1-—
X

b

- > =+ aorC

-10pq - 8q°

20k — 48k
21s*—21s3—6s

5x%—11x
6b?

5p3+12p%+27p

x*+10x + 21
x*—-25
6x>—x—2
12x*+13x - 14
x*+10x + 25
16x% - 24xy + 9y?

X +2+—
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Factorising expressions

A LEVEL LINKS

Scheme of work: 1b. Quadratic functions — factorising, solving, graphs and the discriminants

Key points

e Factorising an expression is the opposite of expanding the brackets.

e A quadratic expression is in the form ax? + bx + ¢, where g #z 0.

e To factorise a quadratic equation find two numbers whose sum is b and whose product is ac.

e An expression in the form x* — y? is called the difference of two squares. It factorises to (x — y)(x

+y).

Examples

Example 1 Factorise 15x%y° + 9x%y

15x%2 + 9x*y = 3x%y(5y% + 3x?)

The highest common factor is 3x?y.
So take 3x%y outside the brackets
and then divide each term by 3x%y
to find the terms in the brackets

Example2  Factorise 4x? — 25y?

4x* - 25y% = (2x + 5y)(2x - 5y)

This is the difference of two squares as
the two terms can be written as
(2x)2and (5y)?

Example 3 Factorise x*> + 3x—10

b=3,ac=-10

Sox?+3x—10=x*>+5x—-2x—10
=x(x+5)—2(x+5)

=(x+5)(x—2)

1 Work out the two factors of
ac = -10 which add to give b =3
(5and -2)

2 Rewrite the b term (3x) using these
two factors

3 Factorise the first two terms and
the last two terms

4 (x+5)is afactor of both terms
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Example 4

Example 5

Factorise 6x* - 11x - 10

b=-11, ac =-60 1 Work out the two factors of
ac = -60 which add to give b =-11
So (-15 and 4)
6x*> - 11x— 10 = 6x> - 15x + 4x — 10 2 Rewrite the b term (-11x) using
these two factors
=3x(2x-5)+2(2x - 5) 3 Factorise the first two terms and
the last two terms
=(2x-5)(3x +2) 4 (2x-5)is a factor of both terms
Simplif X' —4x-21
Y X 1 9x+9
x2 —4x—21 1 Factorise the numerator and the
%2 +9x+9 denominator
For the numerator: 2  Work out the two factors of
b=-4,ac=-21 ac = -21 which add to give b = -4
(-7 and 3)
So
X2 -4x-21=x>-7x+3x-21 3 Rewrite the b term (-4x) using
these two factors
=x(x-7)+3(x-7) 4 Factorise the first two terms and
the last two terms
=(x=7)(x+3) 5 (x-7)is afactor of both terms
For the denominator: 6 Work out the two factors of
b=9,ac=18 ac = 18 which add to give b=9
(6 and 3)
So
2 +9x+9=2x>+6x+3x+9 7 Rewrite the b term (9x) using these
two factors
=2x(x+3)+3(x+3) 8 Factorise the first two terms and
the last two terms
=(x+3)(2x+3) 9 (x+ 3)is afactor of both terms
So
X’ —4x-21 _ (x=7)(x+3) 10 (x + 3) is a factor of both the

2x2+9x+9  (Xx+3)(2x+3)
_oxX=7
2X+3

numerator and denominator so
cancels out as a value divided by
itselfis 1
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Practice
1 Factorise. .
Hint
a  6xY%3—10x34 b 21a%b°® + 35a°h?
¢ 25x%?—10x%y? + 15x%)° Take the highest

common factor

2  Factorise outside the bracket.

a xX*+7x+12 b x*+5x-14
¢ x*-11x+30 d x*-5x-24
e x’-7x-18 f x*+x-20

g x*-3x-40 h x*+3x-28

3 Factorise
a 36x*-49y° b 4x*-81y?
¢ 18a%-200b%*c?

4  Factorise

a 2x*+x-3 b 6x*+17x+5
¢ 2*+7x+3 d 9x2-15x+4
e 10x*+21x+9 f 12x>-38x+20

5 Simplify the algebraic fractions.

2x? + 4x x% +3x
2 b 2
X" =X X“+2x-3
x> —2x-8 X2 —5x
2 d 2
X —4x X =25
x> —x—12 ; 2x? +14x
X2 —4x 2x% +4x—-70
6 Simplify
9x2 -16 b 2x% —7x-15
3x2 +17x-28 3x? —17x+10
4—25x° g 6x2 —x—1
10x% —11x—6 2x2 +7x—4

Extend

7 Simplify Vx?+10x+ 25

(x+2)? +3(x+2)?

8  Simplify
X2 —4
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Answers

1 a 23y(3x-5y) b 7a°b*(3b% + 50°)
5x%y%(5 — 2x + 3y)

(o]

2 a (x+3)x+4) b (x+7)x-2)
¢  (x=5)(x-6) d (x—8)(x+3)
e (x=9)(x+2) f (x+5)(x—4)
g (x—8)(x+5) h (x+7)x-4)
3 a (6x—=7y)(6x+7y) b (2x-9y)(2x +9y)
¢ 2(3a-10bc)(3a + 10bc)
4 a (x—-1)(2x+3) b (3x+1)(2x+5)
¢  (2x+1)(x+3) d (3x—1)(3x—-4)
e (5x+3)(2x+3) f  2(3x-2)(2x-5)
- 2(x+2) b X
Xx—=1 X—=1
¢ X+2 g X
X X+5
e X_+3 f -
X X—5
6 a 3x+4 b 2X+3
X+7 3x-2
2-5X 3x+1
c d
2x—-3 X+4
7 (x+5)
4(x+2)

X—2
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Solving linear simultaneous equations using
the elimination method

A LEVEL LINKS

Scheme of work: 1c. Equations — quadratic/linear simultaneous
Textbook: Pure Year 1, 3.1 Linear simultaneous equations

Key points

e Two equations are simultaneous when they are both true at the same time.

e Solving simultaneous linear equations in two unknowns involves finding the value of each
unknown which works for both equations.

e Make sure that the coefficient of one of the unknowns is the same in both equations.

e Eliminate this equal unknown by either subtracting or adding the two equations.

Examples

Example 1

Solve the simultaneous equations 3x+y=5and x+y=1

3x+y=5

- x+y=1

2x =4
Sox=2

Usingx+y=1
2+y=1
Soy=-1

Check:
equation1:3x2+(-1)=5 YES
equation2:2+(-1)=1 YES

1 Subtract the second equation from
the first equation to eliminate the y
term.

2 To find the value of y, substitute

X = 2 into one of the original
equations.

3 Substitute the values of x and y into

both equations to check your
answers.

Example 2

Solve x + 2y = 13 and 5x — 2y = 5 simultaneously.

x+2y=13
+ 5x-2y=5

6x =18
Sox=3

Using x + 2y =13
3+2y=13
Soy=5

Check:
equation1:3+2x5=13  YES
equation2:5x3-2x5=5 YES

1 Add the two equations together to
eliminate the y term.

2 To find the value of y, substitute

x =3 into one of the original
equations.

3 Substitute the values of x and y into

both equations to check your
answers.
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Example 3 Solve 2x + 3y = 2 and 5x + 4y = 12 simultaneously.
(2x+3y=2)x4 — 8x+12y= 8 1 Multiply the first equation by 4 and
(5x+4y=12)x3—>  15x+12y =36 the second equation by 3 to make
7x =28 the coefficient of y the same for
both equations. Then subtract the

Sox=4 first equation from the second

equation to eliminate the y term.

Using 2x + 3y =2 2 To find the value of y, substitute

2x4+3y=2 x =4 into one of the original

Soy=-2 equations.

Check: 3 Substitute the values of x and y into
equation1: 2 x4+3x(-2)=2 YES both equations to check your
equation 2:5x4+4 x(-2)=12 YES answers.

Practice

Solve these simultaneous equations.

1 4x+y=8 2 3x+y=7
x+y=5 3x+2y=5

3 4x+y=3 4 3x+4y=7
3x-y=11 x—4y =5

5 2x+y=11 6 2x+3y=11

x—3y=9

3x+2y=4
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Solving linear simultaneous equations using
the substitution method

Key points

e The subsitution method is the method most commonly used for A level. This is because it is the
method used to solve linear and quadratic simultaneous equations.

Examples

Example 4 Solve the simultaneous equations y = 2x+ 1 and 5x + 3y = 14

5x+3(2x+1)=14 1 Substitute 2x + 1 for y into the
second equation.

5x+6x+3=14 2 Expand the brackets and simplify.

11x+3=14

11x=11 3 Work out the value of x.

Sox=1

Usingy=2x+1 4 To find the value of y, substitute

y=2x1+1 x =1 into one of the original

Soy=3 equations.

Check: 5 Substitute the values of x and y into
equation1:3=2x1+1 YES both equations to check your
equation2:5x1+3x3=14 YES answers.

Example 5 Solve 2x — y = 16 and 4x + 3y = -3 simultaneously.

y=2x-16 1 Rearrange the first equation.

4x +3(2x-16)=-3 2 Substitute 2x - 16 for y into the
second equation.

4x +6x-48=-3 3 Expand the brackets and simplify.

10x-48=-3

10x =45 4 Work out the value of x.

Sox=4%

Usingy =2x-16
y=2x41-16
Soy=-7

5 To find the value of y, substitute
x = 43 into one of the original

equations.

Check:. . 6 Substitute the values of x and y into
equation1:2x 45 —(-7)=16  YES both equations to check your

equation 2: 4 x 4% +3x(-7)=-3YES answers.
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Practice

Solve these simultaneous equations.

7 y=x—-4 8 y=2x-3
2x+5y =43 5x-3y=11
9 2y=4x+5 10 2x=y-2
9x + 5y =22 8x—-5y=-11
11 3x+4y=8 12 3y=4x-7
2x—y=-13 2y=3x—-4
13 3x=y-1 14 3x+2y+1=0
2y—2x=3 dy=8-—-x
Extend

3y-x

15 Solve the simultaneous equations 3x + 5y - 20=0and 2(x+Yy) = 1
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Answers
1 x=1,y=4
2 x=3,y=-2
3 x=2,y=-5
1
4 =3,y=—2
X y >
5 x=6,y=-1
6 x=-2,y=5
7 x=9,y=5
8 x=-2,y=-7
1 1
9 =-,y=3=
x 2 y 2
1
10 ==,y=3
X > y
11 x=-4,y=5
12 x=-2,y=-5
1 3
13 ==-,y=12
X 4 y 4
1
14 x-—2,y:2E

15
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Solving quadratic equations by factorisation

A LEVEL LINKS
Scheme of work: 1b. Quadratic functions — factorising, solving, graphs and the discriminants

Key points

e A quadratic equation is an equation in the form ax? + bx + ¢ = 0 where a # 0.

e To factorise a quadratic equation find two numbers whose sum is b and whose products is ac.
e  When the product of two numbers is 0, then at least one of the numbers must be 0.

e If a quadratic can be solved it will have two solutions (these may be equal).

Examples

Examplel  Solve 5x*=15x

5x% = 15x 1 Rearrange the equation so that all
of the terms are on one side of the
5x*-15x=0 equation and it is equal to zero.

Do not divide both sides by x as this
would lose the solution x = 0.

5x(x-3)=0 2 Factorise the quadratic equation.
5x is a common factor.

So5x=0or(x-3)=0 3 When two values multiply to make
zero, at least one of the values must
be zero.

Thereforex=0orx=3 4 Solve these two equations.

Example2  Solvex’?+7x+12=0

xX2+7x+12=0 1 Factorise the quadratic equation.
Work out the two factors of ac =12

b=7,ac=12 which add to give you b =7.
(4 and 3)

xX*+4x+3x+12=0 2 Rewrite the b term (7x) using these
two factors.

x(x+4)+3(x+4)=0 3 Factorise the first two terms and
the last two terms.

(x+4)(x+3)=0 4 (x+4)is afactor of both terms.

So(x+4)=0o0r(x+3)=0 5 When two values multiply to make
zero, at least one of the values must
be zero.

Therefore x=-4 or x=-3 6 Solve these two equations.
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Example3  Solve9x*-16=0
9x*-16=0 Factorise the quadratic equation.
(3x+4)(3x—4)=0 This is the difference of two squares
as the two terms are (3x)% and (4)2.
So(3x+4)=00r(3x—4)=0 2 When two values multiply to make
zero, at least one of the values must
4 B be zero.
X=-gorx=yg Solve these two equations.
Example4  Solve 2x*-5x-12=0
b=-5ac=-24 Factorise the quadratic equation.
Work out the two factors of ac = -24
which add to give you b = -5.
(-8 and 3)
So2x*-8x+3x-12=0 Rewrite the b term (-5x) using these
two factors.
2x(x-4)+3(x-4)=0 Factorise the first two terms and the
last two terms.
(x—4)(2x+3)=0 (x — 4) is a factor of both terms.
So(x—4)=0o0r(2x+3)=0 When two values multiply to make
zero, at least one of the values must
=4 3 be zero.
—aorx=-g Solve these two equations.
Practice
1 Solve
a 6x*+4x=0 b 28x2-21x=0
c xX*+7x+10=0 d x*-5x+6=0
e x*-3x-4=0 f x*+3x-10=0
g x*—10x+24=0 h x*-36=0
i x*+3x-28=0 j xX*-6x+9=0
k 2-7x-4=0 I  3x*-13x-10=0
2  Solve
a x*-3x=10 b x*-3=2x
¢ xX’+5x=24 d x*-42=x Hint
e x(x+2)=2x+25 f x*-30=3x-2
a1t ho3 D2 1 Get all terms
g x(Bx+1)=x*+ X(x—1)=2(x+ 1) onto one side

of the
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Solving quadratic equations by completing
the square

A LEVEL LINKS
Scheme of work: 1b. Quadratic functions — factorising, solving, graphs and the discriminants

Key points

e Completing the square lets you write a quadratic equation in the form p(x + g)>+r=0.

Examples

Example 5

Example 6

Solve x? + 6x + 4 = 0. Give your solutions in surd form.

x> +6x+4=0

(x+3)*-9+4=0

(x+3)*-5=0
(x+3)*=5

x+3=+5
X= i\/§—3
Sox= —\/5—3 orxs= \/5—3

1 Write X2+ bx+ c=0in the form

e

2 Simplify.

3 Rearrange the equation to work out
x. First, add 5 to both sides.

4 Square root both sides.
Remember that the square root of a
value gives two answers.

5 Subtract 3 from both sides to solve
the equation.

6 Write down both solutions.

Solve 2x* - 7x + 4 = 0. Give your solutions in surd form.

2% -7x+4=0

Z(XZ—%XJ+4=O

1 Before completing the square write
ax? + bx + cin the form

[
a X" +—Xx({+C
a

2 Now complete the square by

7
writing Xx° _EX in the form
b\ (b
X+— | -| =—
[ ZaJ (Za)
3 Expand the square brackets.

4 Simplify.




X_Z:—_l-_‘j'?
4 4
X:i@_{_z
4 4
So X—Z—ﬁ or
4 4

x. First, add % to both sides.

6 Divide both sides by 2.

two answers.

8 Add % to both sides.

9 Write down both the solutions.

Practice

3  Solve by completing the square.

a x'—4x-3=0
c x*+8x-5=0

e 2X%+8-5=0

4 Solve by completing the square.

a (x—4)x+2)=5
b 2%+6x-7=0
¢ x*-5x+3=0

xX-10x+4=0
xX*=2x—-6=0
5x*+3x—4=0

Hint

Get all terms
onto one side
of the

(continued on next page)

5 Rearrange the equation to work out

7 Square root both sides. Remember
that the square root of a value gives
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Solving quadratic equations by using the

formula

A LEVEL LINKS
Scheme of work: 1b. Quadratic functions — factorising, solving, graphs and the discriminants

Key points

e Any quadratic equation of the form ax? + bx + ¢ = 0 can be solved using the formula

‘o —b++/b? —4ac

2a
e If b2 —4ac is negative then the quadratic equation does not have any real solutions.
e Itis useful to write down the formula before substituting the values for a, b and c.

Solve x? + 6x + 4 = 0. Give your solutions in surd form.

Examples
Example 7
a
X
X

X

=1,b=6,c=4

_ bz Jb? —4ac

2a

_ 6= J6% —4)(4)

2(1)

L 8£20
2

=-3+.5

So x=—3—\/§ or X=\/§—3

1

Identify a, b and ¢ and write down
the formula.

Remember that —b ++/b? —4ac is

all over 2a, not just part of it.

Substitutea=1, b =6, c=4into the
formula.

Simplify. The denominator is 2, but
this is only because a = 1. The
denominator will not always be 2.

Simplify \/ﬁ

V20 =\4x5=ax5=25
Simplify by dividing numerator and
denominator by 2.

Write down both the solutions.
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Example 8 Solve 3x% - 7x - 2 = 0. Give your solutions in surd form.
a=3,b=-7,c=-2 Identify a, b and ¢, making sure you
b+ jbz _Jac get the signs right and write down
X:T the formula.
Remember that —b ++/b? —4ac is
all over 2a, not just part of it.
(=7 + . (=7? _ _
X = N+ \/( N —4Q)(2) Substitutea=3,b=-7,c=-2into
2(3) the formula.
7+ \/73 Simplify. The denominator is 6
X= 6 when a = 3. A common mistake is to
7 —«/ﬁ 7 +\/§ always write a denominator of 2.
SO X= s ' X= 5 Write down both the solutions.
Practice
5 Solve, giving your solutions in surd form.
a 3x%+6x+2=0 b 2x*-4x-7=0
6 Solve the equationx*—7x+2=0
++/b
Give your solutions in the form , Where a, b and c are integers.
C
7 Solve10x*+3x+3=5
. L Hint
Give your solution in surd form.
Get all terms onto one
side of the equation.
Extend
8 Choose an appropriate method to solve each quadratic equation, giving your answer in surd form

when necessary.

a 4dx(x—1)=3x-2
b 10=(x+1)?

¢ x(3x—-1)=10
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Answers
1 a XZOOFX:—g b x=Oorx:§
3 4
c x=-5orx=-2 d x=2orx=3
e x=-lorx=4 f x=-5o0orx=2
g x=4orx=6 h x=-6orx=6
i x==7o0orx=4 j x=3
k x:—1 orx=4 | x:—g orx=5
2 3
2 a x=-2o0rx=5 b x=-lorx=3
¢ x=-8orx=3 d x=-6orx=7
e x=-5orx=5 f x=—-4orx=7
g x=—3orx=2i h x=—l orx=2
2 3
3 a x=2++Torx=2-.7 b x=5++210orx=5-+/21

c x=—4+\/ﬁorx=—4—\/ﬁ d x=1+\/70rx=1—«/7
e x=-2++/6.5 orx=-2-+65 x=%orx=¥

-~

4 a x=1+\/]jorx=1—\/ﬁ b x=_3-i_—2\/§orx=_3_—2\/ﬁ
5+413 5-413
orx=

c x=
2 2
5 a x=—1+—orx=—1——3 b =1+ior —1—ﬁ
3 2
7+J8 7-Jm

6 = orx=

2 2
. —3+\/z§0r —3-4/89

20 20

7+\17 7-\17

8 a «x= 3 orx=

b x=-1+10 orx=-1- \/]3

c x:—lé orx=2
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Solving linear and quadratic simultaneous
equations

A LEVEL LINKS
Scheme of work: 1c. Equations — quadratic/linear simultaneous

Key points

e Make one of the unknowns the subject of the linear equation (rearranging where necessary).
e Use the linear equation to substitute into the quadratic equation.
e There are usually two pairs of solutions.

Examples

Example 1 Solve the simultaneous equations y = x + 1 and x* + y* = 13

X+ (x+1)2=13 1 Substitute x + 1 for y into the
second equation.
X+x2+x+x+1=13 2 Expand the brackets and simplify.

2x*+2x+1=13

2x2+2x-12=0 3 Factorise the quadratic equation.
(2x-4)(x+3)=0

Sox=2orx=-3 4 Work out the values of x.
Usingy=x+1 5 To find the value of y, substitute
Whenx=2,y=2+1=3 both values of x into one of the
Whenx=-3,y=-3+1=-2 original equations.

So the solutions are
x=2,y=3 and x=-3,y=-2

Check: 6 Substitute both pairs of values of x

equation1:3=2+1 YES and y into both equations to check
and-2=-3+1 YES your answers.

equation 2: 22+32=13 YES

and (-3)2+(-2)?2=13 YES
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Example 2 Solve 2x + 3y = 5 and 2y? + xy = 12 simultaneously.

X = ﬂ 1 Rearrange the first equation.
2
5-3y _
2y* + (Tj y=12 2 Substitute > 23y for x into the
second equation. Notice how it is

—3y?2 easier to substitute for x than for y.
2y2+§§L_§X_:12

2 3 Expand the brackets and simplify.
4y? +5y—3y? =24
y? +5y—24=0
(y+8)(y-3)=0 4 Factorise the quadratic equation.
Soy=-8ory=3 5 Work out the values of y.
Using 2x+3y =5 6 To find the value of x, substitute

Wheny=-8, 2x+3x(-8)=5, x=14.5

both values of y into one of the
Wheny=3, 2x+3x3=5, x=-2

original equations.

So the solutions are
x=145, y=-8 and x=-2,y=3

Check:

equation1:2x145+3 x(-8)=5 YES
and 2x(-2)+3x3=5 YES

equation 2: 2x(-8)? + 14.5x(-8) = 12 YES
and 2x(3)2+(-2)x3=12 YES

7 Substitute both pairs of values of x
and y into both equations to check
your answers.

Practice

Solve these simultaneous equations.

1 y=2x+1 2 y=6-x
x*+y*=10 x*+y>=20

3 y=x-3 4 y=9-2
xt+y?=5 Xt +y?=17

5 y=3x-5 6 y=x-5
y=x>-2x+1 y=x>-5x-12

7 y=x+5 8 y=2x-1
x2+y?=25 X2+ xy =24

9 y=2 10 2x+y=11
y —xy =8 xy =15

Extend

11 x-y=1 12 y—x=2

xX*+y*=3 xX*+xy=3
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Answers
1 x=1,y=3
e 13
5 5
2 x=2,y=4
x=4,y=2
3 x=1,y=-2
x=2,y=-1
4 x=4,y=1
16 13
5778
5 x=3,y=4
x=2,y=1
6 x=7,y=2
x=-1,y=-6
7 x=0,y=5
x==5,y=0
8 x=—§, -1
3 3
x=3,y=5
9 x=-2,y=-4
x=2,y=4
10 x=§,y=6
2
x=3,y=5
1 X=1+J§,y: —1+J§
2 2
= 1—2J§'y= —1—2\/5
12 X=_1+ﬁ,y:3+ﬁ
2 2
x= 1NT o8V

2 2
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Linear inequalities

A LEVEL LINKS
Scheme of work: 1d. Inequalities — linear and quadratic (including graphical solutions)

Key points

e Solving linear inequalities uses similar methods to those for solving linear equations.
o When you multiply or divide an inequality by a negative number you need to reverse the
inequality sign, e.g. < becomes >.

Examples

Example 1 Solve -8 <4x< 16

-8<4x<16 Divide all three terms by 4.
-2< x <4

Example 2 Solve 4 £5x< 10

4<5x<10 Divide all three terms by 5.
4 <x<2
5
Example 3 Solve 2x-5<7
2x-5<7 1 Add 5 to both sides.
2x<12 2 Divide both sides by 2.
X<6

Example 4 Solve 2 - 5x > -8

2-5x>-8 1 Subtract 2 from both sides.
-5x2>-10 2 Divide both sides by -5.
x<2 Remember to reverse the inequality
when dividing by a negative
number.

Example 5 Solve 4(x - 2) >3(9 - x)

4(x-2)>3(9-x) 1 Expand the brackets.
4x -8>27 - 3x 2 Add 3x to both sides.
7x-8>27 3 Add 8 to both sides.
7x>35 4 Divide both sides by 7.

xX>5
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Practice

1 Solve these inequalities.
a 4x>16 b 5x-7<3 c 1>23x+4

d 5-2x<12 e —2>5 f 8<3—§

2 Solve these inequalities.
X

a §<_4 b 1022x+3 c 7-3x>-5
3  Solve

a 2-4x=218 b 3<7x+10<45 c 6—-2x24

d 4x+17<2-x e 4 —5x < -3x f -4x 224
4 Solve these inequalities.

a 3t+1l<t+6 b 2(3n-1)2n+5
5 Solve.

a 3(2-x)>2(4-x)+4 b 54-x)>3(5-x)+2
Extend

6 Find the set of values of x for which 2x+ 1 > 11 and 4x—2 > 16 — 2x.
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Answers

1 a x>4 b
d x>— e

2 a x<-20 b

3 a x<-4

x<-3 e
4 a t<-— b
5 a x<-6 b

6 x>5 (which also satisfies x > 3)

3
X< =
2
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Quadratic inequalities

A LEVEL LINKS
Scheme of work: 1d. Inequalities — linear and quadratic (including graphical solutions)

Key points

e First replace the inequality sign by = and solve the quadratic equation.
e Sketch the graph of the quadratic function.
e Use the graph to find the values which satisfy the quadratic inequality.

Examples

Example 1 Find the set of values of x which satisfy x*> + 5x + 6 >0
x*+5x+6=0 1 Solve the quadratic equation by
(x+3)(x+2)=0 factorising.

x=-3orx=-2

It is above the x-axis 2 Sketch the graph of
wherex® +5x +6>0 Y y=(x+3)(x+2)

3 Identify on the graph where
x2+5x+6>0,i.e.wherey>0

=Y

-N_ 122 0
This part of the graph is
not needed as this is
wherex*+ 5x + 6 <0

x<-3orx>-2 4 Write down the values which satisfy
the inequality x* + 5x+ 6 >0

Example 2 Find the set of values of x which satisfy x> - 5x <0

x*-5x=0 1 Solve the quadratic equation by
x(x-5)=0 factorising.
x=0o0orx=5

v 2 Sketch the graph of y = x(x - 5)

3 Identify on the graph where
x> -5x<0,i.e.wherey<0

0<x<5 4 Write down the values which satisfy
the inequality x> - 5x <0
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Example 3 Find the set of values of x which satisfy -x* - 3x+ 10> 0
-x*-3x+10=0 1 Solve the quadratic equation by
(-x+2)(x+5)=0 factorising.
x=2o0rx=-5
YA

2 Sketch the graph of
y=(x+2)(x+5)=0

3 Identify on the graph where
-x*-3x+102>0,i.e.wherey>0

A 4

-5<x<2 3 Write down the values which satisfy
the inequality -x* - 3x+10>0

Practice

1 Find the set of values of x for which (x + 7)(x—4) <0
2 Find the set of values of x for which x> —4x—12 >0
3 Find the set of values of x for which 2x> -7x+3 <0
4  Find the set of values of x for which 4x* + 4x =3 >0
5  Find the set of values of x for which 12 + x—x*20
Extend

Find the set of values which satisfy the following inequalities.

6

7

8

X +x<6

x(2x-9)<-10

6x>215+x
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Answers
1 -7<x<4

2 x<-2o0rx=6

3 1<x<3
2

5 -3<x<4
6 —3<x<2
7 2<x<2=



